We consider properties of the trajectory with the zero momentum inside a spherically symmetric black hole. We work mostly in the Painlevé-Gullstrand frame and use the consept of the "river model of black hole". This consept allows us to decompose (in a "cosmological manner") the geodesic motion of a test particle into a "flow" of the frame and a peculiar motion with respect to this frame. After this decomposition the application of standard formulae of special relativity for kinematic processes becomes possible. Using this approach we present a novel description of particle collisions occuring near black hole horizons inside the event horizon. In particular, we show that the trajectory under discussion is relevant for ultra-high energy collisions.
the centre of mass frame of colliding particles can grow unbounded under some additional conditions. These conditions imply that for one of two particles the relationship between the energy and angular momentum or electric charge is fine-tuned (the corresponding trajectory is called critical). This is the so-called Bañados-Silk-West (BSW) effect. After these findings, the interest to earlier works also revived [2] , [3] . The emphasis in subsequent researches was made on collisions outside the horizon close to it. Meanwhile, there is another, quite subtle (sometimes even contradictory) issue concerning high energy collisions inside a black hole [4] - [6] . In doing so, such collisions were mainly considered for the Reissner-Nordström (RN) or Kerr black hole near the inner horizon.
In the present paper, we draw attention to the fact that there exists another version of high energy collision that is possible even inside the Schwarzschild metric. The role of the critical trajectory is played by that with a zero radial momentum. It extends the class of trajectories in a strong gravitational field for which some of the components of the momentum are equal to zero -cf. the zero-angular momentum observers (ZAMO) [7] or zero energy observers [8] , [9] . However, in contrast to the aforementioned cases, there is no analogue of the trajectory under discussion outside the horizon.
To elaborate this issue, we exploit the "river model of black hole" [10] and use the notion of peculiar velocities. This approach is interesting by itself, not only in the context of the BSW effect and related topics. Thus our aim is twofold. First, we develop the description of kinematics based on the aforementioned concept and apply it to particle collisions including the BSW effect. Mainly, we consider the Schwarzshild and RN metrics. Second, we describe and analyze a new version of high energy collisions.
Throughout the paper, we use geometric units in which fundamental constants G = c = 1.
II. BASIC EQUATIONS

A. Outside a black hole
We consider the metric
where dω 2 = (dθ 2 + sin 2 θdφ 2 ).
We suppose that the metric has the event horizon at r = r + , so f (r + ) = 0. For the Schwarzschild metric, f = 1 − r + r , where r + = 2M is the horizon radius, M being the black hole mass. The most part of results applies also to generic f (r). We will also discuss metrics with the inner horizon r − < r + , f (r − ) = 0. Near the event horizon,
where κ = f ′ (r + ) 2 is the surface gravity. In the Schwarzschild case κ = 1 2r + . Let us consider geodesic motion of a massive particle (we call it "observer"). The geodesic equations of motion for such a particle read:
E is the conserved energy E = −mu t of a particle, the four-velocity u µ = dx µ dτ , dot denotes derivative with respect to the proper time τ , L being the angular momentum, ε = E m , σ = ±1 depending on the direction of motion.
In eqs. (3), (5) it is implied that f > 0, so motion occurs in the outer region of a black hole.
B. Inside a black hole
Inside a black hole, we can choose r = −T , t = y, f = −g, g > 0. Then,
For the Schwarzschild metric g = r + r − 1 = −1 − r + T , where −r + < T ≤ 0. As the metric does not depend on y, the radial momentum ε = u y is conserved. Two equations of motion for a geodesic particle within the plane θ = π 2 reaḋ y = ε g ,
Here, ε can have any sign, ε = ± |ε| . The case ε = 0 is also possible. From the normalization condition u µ u µ = −1 and taking into account the forward-in-time conditionṪ > 0, we obtaiṅ
Thus in coordinates (T, y, φ) we have for the four-velocity of a particle:
III. MASSLESS CASE
The above formulas apply to massive particles. Below, we list the similar ones for motion of massless particles (for example, photons). In a similar way, the components k t = −ω 0 , k φ = l of the wave vector are conserved. The normalization condition k µ k µ = 0 gives us outside the event horizon
where,
Under the horizon, we have in the metric (6)
where now k y = ±ω 0 is conserved, ω 0 > 0,
In what follows, we are interested in radial motion only, so we put l = 0 = L. Then,
IV. PAINLEVÉ-GULLSTRAND, FRAME AND TETRADS
In what follows, we will use the so-called generalized Painlevé-Gullstrand form of the metric and the concept of "river of space" related to it [10] . For a generic f , the transformation
brings the metric to the form, nonsingular on the horizon [10] , [11] . For the Schwarzschild case, this reduces to the Painlevé-Gullstrand metric [12] , [13] .
The metric can be written as
It is regular in the vicinity of the horizon, where f = 0. The velocity v has a simple physical meaning [10] . This is a velocity of "flow" because of a "river of space". In the frame (21) the proper distance on the cross-sectiont = const between different points 1 and 2 is equal to |r 2 − r 1 |. Therefore, v measures the rate with which such a proper distance changes with time. This interpretation is applicable even under the horizon in spite of the fact that the vector normal to the hypersurface r = const is time-like there, so r itself is a time-like coordinate.
For a particle with arbitrary ε = E m moving with decreasing of r, equations of motion (3), (5) give us
where we used (20) . From (3) and (19) we have
Taking into account (19) we have In what follows, it is convenient to introduce tetrads since this enables us to analyze local events in a way similar to special relativity. We choose tetrads in such a way that h µ
coincides with the four-velocity of an observer, comoving with the flow, when dr dt = −v,
For the rest of tetrads we choose
It is also convenient to split this quantity to −v (the flow velocity) and the peculiar velocity v p , so by definition
We can also define the three-velocity in a standard way(see, e.g. eq. 3.9 of [7] ):
It is easy to find that for our choice of tetrads,
and
Then, we obtain for pure radial motion
Thus the tetrad component of the three-velocity coincides with the peculiar one that agrees with [10] .
VI. PROPERTIES OF THE PECULIAR VELOCITY
Now, we will discuss separately the properties of v p in the outer region and inside the horizon.
A. Outside the horizon
It is known [14] that in the outer region
where V st is the velocity measured by a static observer with tetrads
where
Actually, this is a relativistic formula for transformation of velocities. It is clear from (5) that V ≤ 1.
As v ≤ 1 also, we see that |v p | ≤ 1 as it should be for the concept of the river of space [10] to be self-consistent.
It is seen from (33) that
If ε > 1, it is easy to check that V > v, so it follows from (33) that v p < 0. If ε < 1, v > V and v p > 0. In ε = 1, v p = 0.
Thus
It follows from (31), (34) that
Using (3), (19) , (22) , (23), we obtain
Then, after straightforward algebraic manipulations we find for a fixed ε from (37) v 2
Taking into account (35) and (36), we see that dvp dv > 0 for ε > 1, dvp dv = 0 for ε = 1 and dvp dv < 0 for ε < 1.
It is instructive to rewrite eq. (40) in the form
Taking into account (35) we see that
B. Inside the event horizon
Here, eq. (31) is somewhat modified to give
see [6] , eq. (28). The factor V typical of the momentum appears due to the fact that under the horizon the integral of motion has the meaning of momentum (not energy), now instead of (34)
The velocity V is measured with respect to an observer who remains at rest under the horizon in the sense that y = const, ε = 0. Such a geodesic trajectory does not have analogues outside the horizon [15] .
Then, repeating formulas step by step, we obtain
If ε = 0, Z = √ −f , and we have from (24) that
where we used (20) . Eq. (48) is valid for any point inside the horizon. Now,
One can see that
eq. (40) is still valid. Using eq. (20), it is possible to rewrite eq. (40) in the form of differential equation for dv p /dr for any particular f (r) and use it, if needed, to find v p (r) if the initial value of peculiar velocity is given. It is easy to check that eq. (36) is valid as well.
Bearing also in mind (35), we can write the general result as
Eqs. (51), (36), (41), (42) are valid both outside and inside the horizon.
If ε = 1, it follows from (22), (33) and (34) that outside the horizon v p = 0. Inside the horizon, the same conclusion follows from (45) where now σ = +1 since ε in (43) is positive.
Thus v p = 0, dvp dv = 0 both for the regions outside and inside the horizon.
VII. THE HORIZON LIMIT
We are interested in what happens near the horizon. Let us consider separately different cases depending on the sign of ε.
Now, it is easy to check that near the horizon,
It follows from (24) that
As far as V is concerned, we have from (31) that in the horizon limit
In the horizon limit g → 0 we obtain from (48) that
According to (49), V = 0.
This case is realized under the event horizon where f < 0.
Using (18) and (24), we obtain
Then, we have from (27) that
Under the horizon, it follows from (43) that again V → 1.
VIII. DEPENDENCE OF v p ON TIME
It is convenient to consider, how the peculiar velocity changes during particle motion, for different cases separately.
Now v p < 0, dvp dv > 0 according to eqs. (36), (51). Let a particle moving from the outer region cross the event horizon. Outside the horizon, the quantity v (20) increases monotonically from v = 0 at infinity to v = 1 at the horizon. In doing so, the peculiar velocity v p increases from − 1 − 1 ε 2 at infinity to the value v p (r + ) < 0 (54) on the horizon. After crossing the horizon, the picture depends on the type of metric. For the Schwazrschild metric, after crossing the event horizon, the metric coefficient g, the quantity v = √ 1 + g and v p continue to increase monotonically. When the r = 0 singularity is approached, v → ∞, V → 0 and v p → −0, as it follows from (44), (45).
For the RN metric, the function g attains its maximum value in the point
Therefore, v p increases in the interval (r + , r 0 ), where it attains the maximum value in the same point r 0 . Further, g and v begin to decrease and so does v p . On the inner horizon,
According to what is said in the paragraph after eq. (35), v p = const = 0 now.
Now v p > 0, dvp dv < 0, according to eqs. (36), (51). For the Schwarzschild metric, v p under the event horizon monotonically decreases. It is seen from (54) that on the horizon, It is instructive to extract from the above results the behavior of the absolute value |v p | in comparison with V . In the outer region, |v p | decreases (V increases to 1 on the event horizon). Inside the event horizon, the behavior is different for different types of metric. For the Schwarzschild one, |v p | continues to decrease, |v p | = 0 in the singularity r = 0 (V also decreases to 0 in the singularity). In the RN metric, |v p | continues to decrease from r + to r 0 , afterwards it increases (V so does, V = 1 on each horizon).
Finally, we should note that the case of ε ≤ 0 is available only inside the event horizon.
The behavior of v p is the same as for 0 < ε < 1 except for the asymptotics near the inner horizon where now v p → 1.
IX. KINEMATICS OF COLLISIONS IN TERMS OF PECULIAR VELOCITIES
If two particles collide, one can define the energy in their centre of mass frame in the point of collision as E 2 c.m. = −P µ P µ , where P µ is the total four-momentum in this point. Then,
where γ = −u 1µ u 2µ is the effective Lorentz factor of relative motion. Outside the horizon,
The problem is that outside the horizon, both particles have ε For σ = −1, the BSW effect is possible formally but it cannot be realized physically near a black hole since in this case it is difficult to create a particle moving near the horizon in the opposite direction. (See also Sec. IV A of [16] about details.) Instead, one can consider collision near white Schwarzchild-like holes [17] . However, we concentrate on a more realistic case of a black hole and collisions in the contracting T −region [18] . In this region, the counterpart of eq. (63) obtained from (11) reads
Here, the sign is absorbed by the factors ε 1,2 , so we do not write σ explicitly.
The above formulas can be rewritten in terms of velocities. In particular,
where γ a = 1 √ 1−V 2 a (a = 1, 2) are individual gamma factors, w has the meaning of the relative velocity of two particles. Then
where now V is given by eq. (44).
Using (33), one obtains γ in terms of peculiar velocities:
This formula looks exactly like in special relativity (SR). This shows the reason to use the "river model of black hole" -we can exploit standard SR formulae for the local processes (decay, scattering, etc.) if we insert kinematical values taken with respect to GP frame, which have been found from general relativity (GR) formulae.
X. HIGH ENERGY COLLISIONS OF MASSIVE PARTICLES
In what follows, we will use terminology accepted in the literature on the BSW effect [19] . Applying it in our context, we call the particle with ε = 0 critical and particles with ε = 0 usual.
A. Collision between critical and usual particles
As was shown earlier, the BSW effect occurs when the critical particle collides with a usual one at the horizon. For critical particle 1, V 1 < 1 remains separated from 1 near the horizon, for usual particle 2 V 2 → 1 . In other words, from the viewpoint of a stationary observer, a rapid particle hits a slow target. But in terms of peculiar velocities the situation turns out to be opposite. Indeed, according to (54), for the critical particle v p → 1 and for a usual particle v p = 1. Thus the GP system gives description of the BSW effect complimentary to the stationary frame. It is also interesting that on the horizon v p can have either sign, so in this frame both particles can move in any direction with respect to each other.
To be more concrete, let us consider the scenario in which particle 1 is critical and particle 2 has ε 2 > 1 coming infinity (from the right R−region [18] ). Taking into account (48) and
(36), we obtain
Collisions occurs under the horizon in the T region. If this happens near the horizon, g → 0,
taking into account (54), we obtain from (67) that
This formula can be also obtained from (68) directly. In doing so, it is the particle with ε = 0 which has the velocity v p1 ≈ 1 in the point of collision whereas a usual particle 2 has the peculiar velocity separated from 1 -see eqs. (54) and (56).
It is worth stressing that although v p ≈ 1 for the critical particle when g → 0, it cannot be equal to 1 exactly since this would imply that g = 0. Then, a timelike particle would became lightlike one that is impossible. Correspondingly, γ is unbounded but cannot be infinite. This is one more manifestation of the principle of cosmic censorship [20] .
B. Head-on collision between usual particles
There is also another version of high energy collisions near the horizon when both particles are usual but move in opposite directions (σ = −1) thus experiencing head-on collision [2] , [3] . This means that radial momenta have the opposite signs. It is worth stressing that under the horizon such a momentum is related not toṙ which is negative for all particles but toẏ according to (7) . According to (63), head-on collision of any two particles gives rise to the unbounded growth of γ and E c.m. , no fine-tuning of particle parameters is required.
In particular, in our metric this can be realized with collisions between particles with ε > 0 and ε < 0. In the "river model" we get the same conclusion from the SR formula (67), if we remember that v p for ε > 0 tends to some subluminal value (54) while v p for the particle with ε < 0 tends to unity (56).
C. Peculiarities of the inner horizon
We saw that high energy conditions under discussion required participation of particles with ε ≤ 0. But such particles do not exist in the outer region. How can they appear under the event horizon? One option consists in that the corresponding trajectories are given "by hand" as geodesics that come from the white hole region where they, say, could be created from singularity. However, in a more physically realistic situation, we can assume a black hole to be smoothly accreted by surrounding matter. Then, the initial conditions are given at infinity from which particle fall into a black hole. It means that a particle should experience an additional collision in the inner region to create a particle with ε ≤ 0. Afterwards, this new particle collides with one more particle coming from infinity.
This can be reformulated in terms of peculiar velocities. Reasonable initial conditions for matter particles would be "rest at infinity" with ε = 1 and, correspondingly, v p = 0.
The critical particle should have v p ∼ 1 near horizon, so its value on the horizon should be greater than at infinity. Meanwhile, results of the Sec. VIII show that the |v p | decreases during a geodesic motion near the outer horizon (a free fall slows down the motion with respect to GP frame). Thus an additional process (decay or collision) is indeed necessary since gravity itself is unable to achieve the required value of v p .
Let us assume that a new particle is created in reaction of decay of the initial particle 0 to particles 1 and 2. The whole scenario depends on the type of a black hole and the horizon. First, let us discuss decay of the initial particle inside the Schwarzschild black hole.
If a particle of a finite mass decays somewhere inside far from the horizon, a new particle with ε ≤ 0 cannot return to the horizon, so any new collisions will have finite E c.m.
Let us try another option in which decay occurs immediately after crossing the horizon.
Is it possible to create the critical particle in this process? The problem is that if critical particle 1 and usual particle 2 meet in the same point near the horizon, their E c.m. is divergent according to general rues [19] . However, if particle 0 has a finite mass, this is impossible (as is seen easily in the frame comoving to particle 0).
We conclude that for the Schwarzschild black hole it is impossible to achieve unbounded The situation in the RN metric is more favorable in this sense. Now, there is a zone r − ≤ r ≤ r 0 between the event and inner horizons (see eq. (60)) where the function f increases, g = −f > 0 decreases, the quantity v (20) decreases. For the critical particle with ε = 0 it is seen from Eq. (48) thatṽ increases and, correspondingly, the peculiar velocity v p so does. This means that, to prepare a critical particle, it is sufficient to take a usual particle and arrange decay or collision in this zone not close to the horizon. After that, a new particle with ε = 0 should have v p = 1/v < 1. If a black hole is far from extremality (r − ≪ r + ), g(r 0 ) ≫ 1 according to (61) and we can have |v p | ≪ 1 for this particle. After that, the peculiar velocity of the particle in question will tend to unity on a geodesic motion.
So, we can suggest that BSW-like process is more natural at the inner horizon. All this is obviously applicable to the ε < 0 case also.
XI. COLLISION OF A MASSIVE AND MASSLESS PARTICLES
Let us consider radial motion of a photon, so L = 0. Let a free falling observer emit or receive a photon. Its frequency measured by this observer is equal to
Talking into account (3) -(5), (13) , (14) we find:
Here, σ = +1 if both objects (an observer and a photon) move in the same direction and σ = −1 if they do this in opposite ones.
Under the horizon, the analogue of this formula gives us
ω 0 > 0, σ = ±1.
If σ = −1, ω → ∞ when g → 0. Let now σ = +1. It is seen from (52), (57) that if ε = 0 (usual particle), Z − |ε| = O(g), hence γ remains bounded near the horizon. However, if ε = 0 (the critical particle), Z = √ g,
When r → r + , g → 0 and we again obtain the counterpart of the BSW effect (infinite blueshift in a given case).
XII. REDSHIFT VS. BLUESHIFT IN THE RIVER MODEL
The results for redshift (blueshift) caused by collisions of massive and massless particles can also be very easily explained in the "river model". We use the standard definition of the redshift 1 + z = ω 0 /ω, so infinite blueshift (ω = ∞) corresponds to 1 + z = 0. If the emitter is at rest with respect to the PG frame, and the observer moves with the velocity v p , the resulting redshift can be decomposed into two parts
Here z g is a gravitational redshift which would be detected by the same observer if it has zero peculiar velocity, and z D is the standard relativistic Doppler shift caused by non-zero v p of the observer,
Gravitational redshift has been found in our previous paper [11] where it is shown that if we denote by v e and v o correspondingly the values of free fall velocity v of emitter and observer, than for the inward photon
(see the Eq.(28) of that paper). This means that for an infinitely remote source at rest
(v e = 0) the "classical" formula z g = v o is still valid in a black hole background. Thus z g is always positive (a redshift), and is finite everywhere except for the singularity. In particular, z g = 1 at any horizon.
On the other hand, the Doppler shift observed by ε ∼ 0 particle diverges since v p ∼ 1.
Note also that since the peculiar velocity is positive and, thus, directed outward, the redshift is negative (so, it is actually a blueshift). For the critical particle ε = 0 we have from (48) and (74) -(76) with v e = 0 that
When a particle approaches the horizon, v p → 1 and 1 + z → 0, so we have an infinite blueshift. It appears as a result of combination of a finite gravitational redshift and the diverging Doppler blueshift.
Let us now consider an observer with ε < 0. For a particular case of the RN black hole this situation is described in monographs and even textbooks (see, e.g. [21] , page 214, [22] , page 161). The well-known pecularity of this case is that the observer in question will be able to see all future of our Universe, and that is why this case is often described in popular science. Near the inner horizon, such a particle experiences head-on collision with a photon coming from infinity, and, as the v p of the observer tends to unity, we have the resulting unbounded blueshift
in the same way as for the ε = 0 case. This is in sharp contrast with a situation when a particle crossing the horizon emits or absorbs a photon of a finite local frequency just on the horizon. Then, the resulting blueshift is finite -see details in [23] .
Note also, that any object free falling from the outer R region has ε > 0. Let it cross the inner horizon. Then, in (78) v = 1 according to (20) . Using also Eq. (54) we see that the redshift for such an observer when he/she crosses the inner horizon is finite and is equal to z = 2ε − 1. From science-fiction perspective this means that a brave astronaut plunging into the RN black hole in order to see all future of our Universe should be equipped with a rocket engine. From the viewpoint of minimizing the fuel consumption the best time to ignite it is when the astronaut crosses the point where the function g reaches its maximum and required peculiar velocity after the engine burn 1/v has its minimum, while his/her own peculiar velocity reaches maximum at the same point (we assume that the astronought travels from another stellar system, so his/her peculiar velocity is directed inward and, thus, is negative). We should add also, that apart from being beaten by more and more energetic photons while travelling closer to the inner horizon, this observer would experience more and more energetic collisions with free-falling accreting matter consisting of massive particles present in any realistic situation. The energy of such collisions diverges at the inner horizon. The role of such collisions is not investigated in literature and was only briefly mentioned in the end of Ref. [6] .
XIII. SUMMARY AND CONCLUSIONS
We considered the geodesic trajectories with ε = 0 existing under the event horizon. In addition to known earlier zero angular momentum observers [7] and zero energy ones [8] , [9] , the present class of zero radial momentum observers gives one more example of the fact that strong gravity opens a window of interesting possibilities and new kinds of trajectories absent in the flat space-time.
We traced how the concept of the river of space works, introducing peculiar velocities and reformulating kinematics of particles in their terms including the BSW effect or its analogues.
From the methodological point of view this is interesting because the procedure we used is well known in cosmology, where the motion of a distant object is commonly considered as a sum of Hubble flow and peculiar velocities. When local processes in a distant galaxy or cluster are considered, only peculiar velocities are relevant, moreover (as far as we are interested in local events, but not the quantities detected by a distant observer) we can apply standard special relativity formulae to objects moving with given peculiar velocities.
General relativity is needed in this approach only to find evolution of peculiar velocities in time, after that SR can be applied.
As it was already shown in [10] , a similar concept can be developed for black hole spacetimes, if we work in the Painlevé-Gullstrand frame. It appears possible in this frame to decompose a general geodesic motion of a particle falling into a black hole into a sum of the flow and a peculiar velocity, such that local kinematics of physical processes can be found using peculiar velocities by standard SR formulae. In our present paper we systematically studied the properties of peculiar velocities and applied them to describe analogs of BSW processes and other known effects, like infinite blueshift seen by an observer crossing the inner horizon. The use of peculiar velocities gives us a description of these effects complimentary to the standard one. In some cases it is easier it understand these effects in the approach under discussion that gives a more intuitively clear picture. The price for this is less known properties of peculiar velocities in comparison with velocities with respect to stationary coordinates. For example, in the outer region of black hole gravity obviously accelerates a free-fall of particles in our situation (where all particles outside are usual), though it slows down the motion with respect to Painlevé-Gullstrand frame! However, advantages to use SR in describing physical events deep inside a horizon is a reasonable motivation to study the possibilities given by "river model of black hole" in a systematic way.
